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1. INTRODUCTION 
Aging research has long employed demographic models of age-specific adult mortality that are 
based on approximately exponential increase in mortality, the best known being the Gompertz 
model whose mortality rate is given by the following simple equation: 
m(t) = Aeat, (1) 
where the age-dependent rate of mortality, m(t), is determined by two parameters A and M, 
that affect mortality in an age-independent and age-dependent fashion, respectively, and t is 
measured in chronological or clock time. Aging processes in the literature are frequently defined 
and explicitly discussed in terms of the parameters or functions of this equation, an example of 
the latter being the MRD ( mortality rate doubling time) presented in [l-7], 
MRD=g. 
a 
The Gompertzian pattern of increasing mortality rate has been explained by evolution biologists 
in terms of decline in the force of natural selection, a deductive result obtained from evolutionary 
theory first by Hamilton and then explored further by Charlesworth [8]. 
As alternatives to the Gompertz model equation (l), p ower functions such as the Weibull 
model are used to describe population senescence: m(t) = At”-’ [9]. As shown for several 
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invertebrates [lO,ll] the fit of the Gompertz and Weibull formulas varies between populations. 
Graphs of ln[m(t)] against age give a straight line with the Gompertz but a concave curve with 
the Weibull. The MRD does not depend on age with the Gompertz but declines slightly at 
later ages with the Weibull because of its concave form on semilogarithmic plots. This outcome 
makes species comparisons of mortality acceleration less awkward with the Gompertz than with 
the Weibull. Because we have equated aging with MRD, use of the Weibull would necessitate 
comparing “average” MRDs, these averages would be close to the MRDs calculated from the 
Gompertz, because a fitted Gompertz straight line approximates a fitted Weibull curve [2]. 
2. ESTIMATION OF PARAMETER 
The proportion of a population surviving from puberty to adult age t, S(t), may be obtained 
from the Gompertz equation of mortality rate 
m(t) = Aeat, 
s(t) = ,(A/4 (l-eat). (3) 
For a population of size N, the age t, at which the population has diminished to one survivor 
is (S(t) = l/N) approximates t*. Thus, 
S(t*) N S(t,) = $ = exp t (1 - eatm 
1 )> 
. 
Solving for t,, we have that 
t m = ln 11 + (4lnN)IA)I a (5) 
The average mortality rate of a steady-state population subject to age-specific mortality rates 
of equation (1) is discussed in [2] and is given by 
Aav = J; j(t) dt 
Rearranging (5) gives 
A 1nN -=-. 
a e&n _ 1 
Combining equations (3) and (6), we obtain 
(7) 
1 -= J A o co ewe) (1-e"") & ax 
A simple substitution in the integral above yields 
a = A, eA’a J 00 e-z - dz, Ala z 
which, upon substituting (7) into the above integral, we obtain the following equation for LX 
O3 Q = A, e(lnN)/(@” -1) 
J’ 
cdz. 
(In N)/(@- -1) 2 
In [2,12], Finch et al. have solved equation (8) numerically for A and CY, for a given A,,, t,, 
and N. 
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The basic equation (8) is transcendental, involving exponential integral function. We note 
that no solutions exist when (European robin) A, = 0.62, t, = 12, and N = lo3 and (Starling) 
A, = 0.52, t, = 20, and N = 103-4. In [13], we proved the uniqueness of solution of equation (8) 
when Aa&/ In N < 1 and also observed that age-independent mortality rate A cannot exceed 
the average mortality rate A,. 
It is well known that among most mammals, mortality rates are generally lowest at puberty 
and then accelerate at a constant rate during the major phase of adult life. When examined from 
puberty onwards, the mortality rate accelerations during adult aging fit the Gompertz model, at 
least up through the average life span [2,14]. H owever, extensive deviations from the Gompertz 
model were recently documented, in which mortality rate accelerations slow markedly by the 
average life span, e.g., in laboratory populations of fruit flies [15,16], medflies [17], beetles [18], 
and nematodes [19]. In human populations, according to published studies [20], the acceleration of 
mortality rate slows after 85 years. After 105 years, the mortality rate appears to cease increasing 
and may even decrease at these extremely advanced ages. Decreasing mortality at advanced ages 
is described in detail for flies [15-171. Thus, in discussing these complex and population-specific 
mortality kinetics, it is useful to define an “initial Gompertzian segment” of the mortality curve 
which, with few exceptions in mammals and birds, extends at least to the average life span [la]. 
In view of the mortality deceleration at advanced ages, the estimation of Gompertz parameter Q 
is valid in the Gompertz segment [A, average life span], i.e., from puberty to average life span. 
3. INTERVAL OF EXISTENCE OF NUMERICAL SOLUTION 
We know that the initial mortality rate cannot exceed the average mortality rate. Therefore, 
we have 
-A& lnN 
f,“h?. - 1 a: - (J ’ 
which gives 
&n 5 A&n 
(eat- - 1) 
1nN . (9) 
We remark that the basic equation (8) also satisfies (9). Inequality (9) provides a lower bound 
to the solution interval [0, oo), for every fixed A,, t, and N. Indeed, from (9) 
&n 5 Aad, 
(eat, - 1) 
1nN 
= A,t,eatm 
(1 - eCatm) 
1nN ’ 
which implies 
Aad, at, 15-------e (I- epatm) < Aadm at, 
1nN an -InNe ’ 
since (1 - e-“t-)/at, < 1, ‘da&,, 2 0. Thus, we obtained 
at, > In (10) 
Inequality (10) ensures the existence of solution cy, provided 
since we are looking for nonnegative a. As a consequence, the existence of solution interval 
reduces to [(l/r&) In((lnN)/A,f), co). We note that the condition 
Aa&, < 1 i.e., ~ 
1nN - ’ 
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is also necessary for uniqueness of solution Q! [13]. Clearly, for every fixed A,, t,, and N, 
(I/&) ln( (In ?)/A,&) is the lower bound for the solution a. Although the lower bound of at, 
can be improved numerically further, by successively using (9) and the inequality 
< A&n - (eat, - 1) , 
- 1nN 
(in fact, the above iterates of at, possess a GLB of [(l/tm) ln((ln N)/A,t,), oo)) we will not 
pursue this here, as we are interested in the existence of solution 01. 
To obtain the solution of (8) for every fixed A,, t,, and N, choose .any CX* from the solution 
interval 
[&+E)~ co>. 
As every a! > a* satisfies (9) let us find the largest possible of these. In other words, in view 
of (lo), we have to find an asymptotic value of a! for a large N with A&,/ In N < 1. To achieve 
this, fix one such a*. Substitute thisinto the right-hand side of (8) to get 
Q = A,, e((lnN)/(e”*tm-l E 
)) J 
O” “-xdz, 
((lniv)/(e~*tm-l)) E z 
(11) 
where E = (ea*tm - l)/(eat- - 1) 5 1, since CY 2 a*. 
We observe that by sending E to zero in (ll), one can obtain the asymptotic value of Q: for a 
large N, as we have 
from (10) and (9). 
If we send E to zero, on account of 8.212, 1. in [21], we get 
1 
a = liio t In 
eor*tm - 1 
$1 
m [ E 1 
= liiy $ In 
* 
e 
~Grz-1 
m [ 1 E + jso $ ln 711 [ 1+ ea*t ’ m- 1 1 
= lim ;l~“e((lnN)/(er*t,-l)) ’ _ _ 
E-+0 
[ c ln[ea~~vl,] +p-*‘-‘))~ (l-;-T)dT]) 
where C = 0.577215, Euler’s constant. 
Retaining dominant In (l/e) t erm only, after a little algebra, we get 
(1 - A&,) In i = -A,t,C - A&, In [ ea!lI_N_ 11 - In [eQ*tm - I] (12) 
or, equivalently, 
i=exp{ln[ea*t.“-l] -Aav~~J~~N)}. , 
A simple substitution into (l/tm) ln[(e”*tm - 1)/c + l] yields the required asymptotic formula 
Q! = A In 
t?n 
z + eA,t,C/(A,t,-l) (ln~)Aavt,/(Aavtm-l) 1 (13) 
of (8) for a large N with A,&/ In N < 1. 
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Strangely, on account of (la), the above formula fails at A,,t, = 1. 
But when Aa& = 1, we have 
$ ln(lnN) < cx < & (eat” - 1) 
m m 
from (10) and (9). Now setting (eatm - l)/ In N = l/e, substitute this into equation (8), to get 
1 a=--’ 
J 
‘=c e-z 
- dz. 
trn E z 
If we send E to zero, on account of 8.212, 1. in [21], we get 
1 
a = liio t In 
1nN [ 1 -+1 
I 
E 
= hi t In 
1” 
= liiy t e’ 
s 
co e-z 
- dz 
As the dominant In (l/c) t erm vanishes, we consider only c-order term. After a little algebra, 
we obtain 
or 
$ ln(ln N) + & 
m m 
= ; [(l + E)(-c + E)] 
171 
A simple substitution into (l/tm) In[((ln N)/E) + l] yields the required asymptotic formula 
lnN-ClnN-1 
ln(ln N) + C 1 (14) 
of (8) for a large iV when A,&, = ,l. 
Summing up, we conclude the following. 
THEOREM. For every tied A,,, t,, and N, let II and I, be intervals defined by 
a* > [(l/&J ln((lnN)I&hJl, 
12= [a**, &ln[l+ln&n~~f~l]], 
a** > (l/tm) ln(lnN), h w ere C = 0.577215, Euler’s constant. 
Suppose there exists a unique solution of (8) in 11, Iz, respectively, when A&, # 1 and 
A&,, = 1. Then it is necessary that A,t,/ In N < 1. 
Moreover, the asymptotic solution of (8) f or a large N is given by (13),(14), respectively, 
when A&, # 1 and A&, = 1. 
REMARK 1. From (7), ‘t . I 1s easy to get the asymptotic formula of initial mortality rate using (13) 
and (14). 
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Table 1. Reprinted from [2,12] 
Pipestrelle bat 
0.36 
N = lo3 
N=lO* 
N = lo5 
N = lo6 
N = lo3 
N = lo4 
N = lo5 
N = lo6 
European robin 
0.62 
N = lo3 
N = lo* 
N = lo5 
N = 10” 
Lapwing 
0.34 
N = lo3 
N = lo4 
N = lo5 
N = lo6 
Starling 
0.52 
N = 103-4 
N = lo5 
N = lo6 
Common swift 
0.18 
N= lo3 
N= lo* 
N= lo5 
N = lo6 
Herring gull 
0.34 
N = (652) 
N = lo3 
N = 10’ 
Human 
0.015 
N = lo3 
N= lo5 
N = lo7 
N = (80,750,OOO) 
N= log 
N = 1011 
IMR/year MRD (year) tm (years) 
0.25 4.7 
0.22 3.4 
0.20 2.8 
0.19 2.5 
0.32 14.9 
0.28 7.5 
0.26 5.7 
0.25 4.7 
could not reach t,,, 
0.58 
0.54 
0.52 
0.30 16.4 
0.27 8.2 
0.25 6.0 
0.24 5.1 
could not reach tmax 
0.51 
0.49 
0.12 
0.10 
0.094 
0.088 
0.18 2.82 
0.0002 7.967 
15.3 
7.9 
5.8 
56.6 
21.2 
8.2 
6.0 
5.1 
4.5 
20 
21 
11.3 
11.5 
15.7 
105 
110 
114 
115 
117 
120 
MRD 
(asymptotic) 
1.774 
2.632 
2.233 
2.812 
3.88 
3.324 
2.444 
9.772 
9.629 
9.668 
9.704 
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Table 1. (cont.) 
IMR./year MRD (year) tm (years) MRD (asymptotic) 
0.049 0.27 2.2 
2.3 
2.3 
2.5 
2.5 
2.9 0.297 
0.025 0.26 2.6 
0.091 1.163 
I 
8.8 1 1.14 
REMARK 2. Asymptotic solution is useful in the study of qualitative behaviour of solution. 
REMARK 3. We listed in Table 1 the numerical values of asymptotic solution (13) for a compar- 
ison with exact numerical solution. 
REMARK 4. There were no recorded samples with A&, = 1 to compare with the asymptotic 
solution (14). 
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